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p n=1 n=2 n=3 n=4 n=5 n=6 n=7 n=8 n=9 n=10
0 1 2 3 4 5 6 7 8 9 10

0.01 0.99 1.98 2.97 3.96 4.95 5.94 6.93 7.92 8.91 9.9
0.02 0.98 1.96 2.94 3.92 4.9 5.88 6.85 7.83 8.81 9.78
0.03 0.97 1.94 2.91 3.88 4.84 5.81 6.77 7.74 8.7 9.66
0.04 0.96 1.92 2.88 3.84 4.79 5.74 6.69 7.64 8.58 9.52
0.05 0.95 1.9 2.85 3.79 4.74 5.67 6.61 7.53 8.45 9.37
0.06 0.94 1.88 2.82 3.75 4.68 5.6 6.51 7.42 8.31 9.19
0.07 0.93 1.86 2.79 3.71 4.62 5.52 6.42 7.29 8.15 8.99
0.08 0.93 1.85 2.76 3.67 4.56 5.44 6.31 7.16 7.98 8.76
0.09 0.92 1.83 2.73 3.62 4.5 5.36 6.2 7.01 7.78 8.5

0.1 0.91 1.81 2.7 3.58 4.44 5.28 6.08 6.85 7.57 8.21
0.11 0.9 1.79 2.67 3.53 4.38 5.19 5.96 6.68 7.33 7.89
0.12 0.89 1.77 2.64 3.49 4.31 5.1 5.83 6.5 7.03 7.55
0.13 0.88 1.76 2.61 3.44 4.24 5 5.69 6.31 6.81 7.19
0.14 0.88 1.74 2.58 3.4 4.18 4.9 5.55 6.1 6.53 6.83
0.15 0.87 1.72 2.55 3.35 4.11 4.8 5.4 5.9 6.25 6.48
0.16 0.86 1.71 2.52 3.31 4.04 4.7 5.25 5.68 5.97 6.14
0.17 0.85 1.69 2.5 3.26 3.97 4.59 5.1 5.47 5.7 5.82
0.18 0.85 1.67 2.48 3.22 3.9 4.48 4.94 5.26 5.44 5.52
0.19 0.84 1.66 2.44 3.17 3.83 4.37 4.79 5.05 5.19 5.24

0.2 0.83 1.64 2.41 3.12 3.75 4.26 4.63 4.85 4.95 4.99
0.21 0.83 1.62 2.38 3.08 3.68 4.15 4.48 4.66 4.73 4.75
0.22 0.82 1.61 2.35 3.3 3.61 4.04 4.33 4.47 4.53 4.54
0.23 0.81 1.59 2.33 2.98 3.53 3.94 4.18 4.3 4.34 4.34
0.24 0.81 1.58 2.3 2.94 3.46 3.84 4.04 4.13 4.16 4.16
0.25 0.8 1.56 2.27 2.89 3.39 3.72 3.9 3.98 4 4
0.26 0.79 1.55 2.24 2.85 3.31 3.62 3.77 3.83 3.84 3.84
0.27 0.79 1.53 2.22 2.8 3.24 3.52 3.65 3.69 3.7 3.7
0.28 0.78 1.52 2.19 2.75 3.17 3.42 3.53 3.56 3.57 3.57
0.29 0.77 1.51 2.16 2.71 3.1 3.33 3.42 3.44 3.45 3.45

0.3 0.77 1.49 2.14 2.67 3.03 3.23 3.31 3.33 3.33 3.33
0.31 0.76 148 2.11 2.62 2.97 3.14 3.21 3.22 3.22 3.22
0.32 0.76 1.46 2.09 2.58 2.9 3.06 3.11 3.12 3.12 3.12
0.33 0.75 1.45 2.06 2.53 2.84 2.98 3.02 3.03 3.03 3.03
0.34 0.75 1.44 2.03 2.49 2.77 2.9 2.93 2.94 2.94 2.94
0.35 0.74 1.42 2.01 2.45 2.71 2.82 2.85 2.86 2.86 2.86

0.4 0.71 1.36 1.89 2.25 2.43 2.49 2.5 2.5 2.5 2.5
0.45 0.69 1.3 1.78 2.07 2.19 2.22 2.22 2.22 2.22 2.22

0.5 0.67 1.24 1.67 1.9 1.98 2 2 2 2 2
0.55 0.64 1.19 1.57 1.76 1.81 1.82     

0.6 0.62 1.14 1.48 1.63 1.66 1.67     
0.65 0.61 1.1 1.4 1.51 1.54 1.54     

0.7 0.59 1.05 1.32 1.41 1.43 1.43     
0.75 0.57 10.1 1.25 1.32 1.33 1.33     

0.8 0.55 0.97 1.19 1.24 1.25 1.25     
0.85 0.54 0.94 1.13 1.17 1.17 1.18     

0.9 0.53 0.91 1.07 1.11 1.11 1.11     
0.95 0.51 0.87 1.02 1.05 1.05 1.05     

1 0.5 0.84 0.98 1 1 1     
  

ا���ا�� 
ول�
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 �� � B-)�F� :�	�< �
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 �� S�)�*
##�> �� B�� �	 � '5� ,�0� $� �� '%�� #�
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 ,�0� $�:  

 ���# (I��� "     �� /���% �	
0� "    �� $3�)* "  
 �� (-)Y�< "       ����H�� "       �	�%���� "  
 �N	� �>
� "       �� �
�� 'P-3 "     �� '3�7 "  

& 

 }7 ��� '	#���� $� $<0��� � �4+� �� �� ,�E9�
 J-%��� ()*� (+� (I��� �	����
 ��� �	���� 8�A�*
� �	��* ���	
�
 '�< /�& �9�
 �� :; � �#���6-7 ��� ��� 

 O	 �� �# #0<0�

#0& �� /#��; .  
	���� 8�A�*
 J<0� /�& /��&
 ��� �
���
 �# $% �P-% � �+% �����-�� ���	
�
 ��� �# �

#0& �� ���.  
�� #0G $� !0��� J	���� �	
�� (��& $N��� �	
�# ��� �� $% '�
 �%K $� L
H  �&��.  

 L���W $N���:  
 '�<� 8�A�*
 ��� �	���� #0<0� ��� ���� /�& {A6� �����-�� $� $<0� �� $N��� �	
�#

 #0& �� $I
�
 J	0?� .

 ��*0-7 $N��� �	
�# '�
 �4+� $% '�
 �%K $� L
H#0& 8�A�*
 ��� ��W .  
  

 B.�7 $N���:  
 ��� $� �	


� #0& �� /#��; ��� � 
�<
� �
�� /#�-7 '�< � ��� :�& {A6� $� $<0� ��

 #�	^7 �� ,�0� �4+� ����0G
�� �� /
�+� B�F-� �-+��� ��
��V* $NzF�.  
 ()*� (+� �5 

 ���4*:  

� �� � �*�Yb� ��-F� ()*� (+� B�F-� ��
���# $% ���4* #�+&�� �	
 ,�0� $� :
0:  
e c #0& (+� ���6-� ,��=@ #
��� (+� ��
� �� �# :�4�
�� �� .  
l c ���% �� ���+% '��F� ���� ,��=@ #0& ��� .  
m c �-�% ��
�� B-)�F� :�4�H
 ��� 
� '%��   
n c �-�% (@
�� 
� J)E $� '6>�� ��� '%�� .  
o cF� #0& �� $*�G��% #�
� $% �#
0� �� �-�% ��� ,�-N+E L�.*
 '+F@ $� i�+-)�  #���.  
p c �	�-V� O+%�� :; :
� ���-* 

 �� :; S�)�*
 � #
0� '%�� �
�� �-�% ��� /  
r c ��*�� !0��� X��� 

 ,��=@ � Q�-&
 '%�� �
��  : ��
�� ,��P� �	� ����-�*�% � �� '3�7

 �-�% /#�P��
 �0C�� �	
 �
�� /�&.  
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s c�� ��0� #
0� ()*� (+� X���  �&�� /#�� �� :; :#�%�7� �3�G $% �&.  
t c#0& ��
�� #�
�*���
 (	0��� ��->��� ���04� q�P��
 .  

evc #0& $<0� �� :; �-+��� ��
��V* $� ()*� (+� ,
�-�.� #�0� �# .  
eec�� ()*� (+� (I�F� �
�� (� /
� �	���� O-���0�
 ()*� (+� ��� B�F-�  ��&��   .  
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 ���k   
  

 �"���$ :  
     /#�-7 �	 �
�)��
 �J?* �
�� �N�� ��5�	 ���� $� ���	�< �N% �0� $�  q0* �� �	 $*�G��% �	 �-�.� �
��

�� �N-�F� B-&�� $�&
# �C* �# 
� �	
 �����-�� $4	�0=� �&�� :  
e c 
�-* #�0� ����� $� '�
� �����#  
l c �=-�� ,946� � (I�F� #�.	
 L�E
m c* � (+� :#0� (@
�� ,������
 :#0� �	^7 :�4�
 � ()
n c X�?� ����� $� �����# ���
�
o c�-&�� 
�-* :�& /#��;��  [-�� �# $*�G��% �	 ,H;
p c �I

 � $�	�� ������
��7 :#�% (@
�� �	 X^�

  
�"���$ ���/ :  

       �I�< 

 �*
0� �� ���	�< �0=�          �"� �"-�.� O"	 ��� �-I0"� O"	 �
�)�"�
 :
0�E $� $NzF� �	��
  �
�)��
�-&��                �
�)�"�
 �"	 � �"-30� �3�"� � �"�*�+���7# �# �6A� � ���V�F	
 �
�)��
 �	 � /�V�F	
 �# ,H;

#0& ��=� �06% �# '��� �
�)��
 �	 � '��� �# $*�G��% �
�)��
 :; ��� $� � $*�G��% �# �-30� �3�� .  
  

�"���$ �b��� R�>� :  
$��# �	
 S�4&
 $� ���	�< (I�F� �� ���� �*0& :  

e c���

 ������E $% #0& ���	�< �	�� $% ��	�< $N-�� #
��� JF :
e cec �4� ���	�<  
e clc J%�� ���	�<)�	�� ��W (

e clce. B� �� [�����-x
e clcl. B� �� [����  

l c /�& �	�*�% ��
0* JF���
l cec $�FF> ���	�<  
l clc $��0-7 ���	�<  

m cB-+?� �Yb� ������
��7 JF��� :
mcec ����
��7 O� ���	�<   
mclc ����
��7 ��W ���	�< 

n c� '5�F� q0* JF��
ncec $�F4& �=G )������ (  
nclc B-)�F� [G ) ���-N@
c$�K�<  (  
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 �"���$ �b��� �' ��
!4�  


 ������E $% '�
 /�& $�5�> ��4� /��< �	
 �# ���	�< �
�� $% �	��&�� $� $<0� �� :  

e c $��0-7 � $�FF> ,�0� $� dN�A� ����3�� �� �4� ���	�<  
l c����3�� �� J%�� ���	�< $��0-7 � $�FF> ,�0� $� dN�A� 

�� ����� �+% ,�0� $� (I�F� $-N% �*#�> .  
              �"� �"-P� ��-F� $*�G��% (�� �--�� �
�� $% ��#
�-��
 Z�� $� ���	�< #�0� �#    Z�� $"� �"&��

 ��#
�-��
)�P-% (#�% B-�
0G ����� 
� $NzF� .  
  

 �3�9��-�� S4� �" �"���$)0����� �>C :(  
    %K $% $*0V*�+�       �"� 
��"% ��-F"� ��#
�-��
 Z�� $*�G��% (�� ���	�< '�< ��	#�> �  �"&�� .  �"	


 S�� k��
�� Z��AHP�� �	
 ��& $� Z�� �	
 �����@ '�
 /�& ��
��   ��&�� :  
e c ���	�< B-+?� S��< $-��  
l cZ�� $� (�  ���MADM1  

e c�� B-+?� S��< $-�� �
�� #0+* (+E �	
 ,�0� $� :
0� :
e cec-+?� �����-�� d	��� B  
e clc B-+?� �����-�� :
� �	 '	03�
 �--��
e cmc ���	
�
 #�0� ���*�4� �--��
e cnc ����-�� O� O� k��
�� ��*�4� $� !0��� ������
��7 �--��

       �� ���	
�
 #�0� ���*�4� � ����-�� �--�� �
��             ("+E /�"�G 

 /#�P�"�
 �� � ���.� ,�0� $� 'F	��
#�% .      ����
��7 �--�� � ����-�� :
� �--�� �
��        �� �-* ����-�� O� O� k��
�� ��*�4� $� !0��� ��   'F"	��

    #��; '"��� 
� $�0��� :�>��G �C* ��P-% � ���.� ,�0� $� .       ,
�"C* :�"-� �"�
 �# (-�F"� '"�< �4-"3
     '�
 ��Yb� Z�� ��<�
 Z�� �:�>��G .     �� B-+?� �����-�� :
� :#��; '��� �
�� S�a� �
��    $"� :
0"�

#0+* (+E �	
 ,�0� :  
eclcec  �����
��7 �-� :
� �<�
 $F	�)� S��< #�.	
  
lclcec �<�
 ,�F	�)� ,�0� $� �S��< '-+�
 ������
��7 (-+4�   

�5d�:       �� O	 /�
0+� �<�
 ,�F	�)� S��< �=@   �&�� .    Z
�
 ,�0� �# �+T �#     O"	 :
� $F"	�)� ��
̂ >
 �V	# ��-�� �� ��-��) ��-��e ��-�� �� l (Z
�
  ��-�� ��
̂ >l ��-�� �� �� (�@ ��-�� }4E O	 ���	 �&�� :  

ela =  ��-�� $F	�)�e ��-�� �� l   
ela/e =  ��-�� $F	�)�l ��-�� �� e   

�����E $�:  
aij =  ��-�� $F	�)�i  ��-�� �� j  
aij/e = ��-�� $F	�)�j ��-�� �� i  

 $4	�0� $�aij ��-�� $F	�)� ���
��7 i  ��-�� �� j ��  �&�� .  

1 Multi Atribute Decision Making
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     �� :
� $����� �
��        �-�% $����� 
� D05 S��< �=� �� �-V*�-� ��-��.    #
�E
 :#�% /�-3���* �
�� }�� 
�-V*�-� (% �+< $� 
� �� �-V*�-� 

 O	�� �-	�+* B-F)� ��. ���	  :  

      n �  ..... �e = i          �∑
=

n

j

ij
j

a
1

 =  �-V*�-�)iL (  

           �-V*�-�       )iL           ( :     S���* �
��
           �� �-V*�-�  ∑

i

  

  
             �� �-* ����-�� k��
�� ��*�4� $� !0��� ������
��7 �--�� �
�� �	#�> �%K $% $*0V*�+�   D0"5 Z�� $� :
0�

�+< 
� :�>��G � :����&��% ,
�C* #0+* ���; .  
          ���&�� 

 �4	 $� B-+?� S��< (-+4� 

 }7MADM  ��     �"+< 
� :; :
0"� �  #0"+* ��"� . /#�"�   �	�"�

Z�� : Z��SAW��  �&�� . Z��SAW

 '�
 ,���E  :  
 S��< ,�0� $� B-+?� S��< (-+4� ,�0� �#)ecl :(  

 :
�   :
�)e (w1 = w2  wm 

 ��-��                         
 :�4�  

 ��-��)e (   ��-��)l ( ��-��m 

 :�4�)e (  X11 X12.......................   X1n 

:�4�) l (  X21  X22 X2n 

M  
 :�4�(m) 

  
Xm1  

  
Xm2 

  
Xmn 

 S��<)ecl(  
  

 $4	�0=� :  wj  = ��-�� :
�j L
   
    Xij =  :�4� ���
��7i ��-�� JF��� L
 j L
   

 }��SAW�� '�
 ��
��  :  
m �  ..... �e = i   �       xij wj ∑

j

 = SAWi  

 S��Max SAWi =  :�4� �	����  
L�s�:      :�4� �# �-�% ��5 e   � l   �����-�� JF��� e �l �m�� $F	�)�   �*0"& .    :
� $�"���� �
�"� 
�"��


�� (+E �	
 ,�0� $� ����-�� B-�% :  
d3
 ( ����-�� �<�
 $F	�)� S��< #�.	
  

  
 ��-��)m(   ��-��)l(   ��-��)e(   :
�  

10
1  m = el a e   ��-��)e (  

10
1  e  

3
1

21 =a   ��-��)l (  

e  ev  ev   ��-��)m (  
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8 ( �=� �� �-V*�-� $�����  

mp/e = m) /ev/e + m+ e = ( ��-��)e (  
nr/v =                      =  ��-��)l (  

r                         = ��-��)m(  
  
] (��*
� :#�% S���* :  

eo/v = )r +nr/v + mp/e( / mp/e =  ��-��)e (  
vo/v =                           =  ��-��)l (  
s/v =                           =  ��-��)m (  

 ������
��7 �--�� �
��xij  ���*�4� �
�� )e ( �)l (B	�
# :  
d3
 (  

  
  

      5.2
2
5

11 ==x S���* �-x       

625.02
25.1

21 ==x S���* �-x  
          8.0)625.05.2(

5.2 =+ = x11  S���*   
          0.2 = =                          x21  

  
8 (  
  
  

sm/v = elx       
            er/v = llx  

  
] (  
  
  

elo/v = emx        
  sro/v =llx   

  
  

  

  :�4�)l (    :�4�)e (  ��-��)e (  
ne   :�4�e  

      
e  n/e  �4� :l   

  :�4�)l (    :�4�)e (  ��-��)l   
oe   :�4�e  

      
e  o/e   :�4�l   

  :�4�)l (    :�4�)e (  ��-��)m   
r/ee   :�4�e  

      
e  r   :�4�l   
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 '�
 ,���E B-+?� S��< D05 ,������ $� $<0� �� :  
  

 :
�  eo/v  vo/v s/v  $.-�*  ,��-T0�  
 ��-��

 :�4�  
 ��""-��

)e (  
 ��-��

)l (  
��"""-�� 

)m (  
    

e  s/v  sm/v elo/v  lp/v  s/v * elo/v + vo/v * sm/v + eo/v * s/v  = e SAW 

l  l/v  er/v sro/v  rn/v                                                             = l SAW 
            

  
 :�4� D05 ,������ $� $<0� ��l�� O	 :�4� 

 ����  �&�� .  

 �# $% '�
 �%K $� L
H $N��5 

 /�& ��� D05 ,������)ev � e (#0& /#�P��
 ��&
�
 :�-� �
�� .  
  

�� 0��U-/� �,�.��5 �"���$ N���� ���" �5 ���3����� 9� �>���P; �,�! :  
e c $-3�
 #
0� $� �4	#�*  
lc   X�?� �

�� $� �4	#�*
mc   
�-* #�0� �-�
 /��	; $��0� � �-�
 $� �����#
nc  
 ���-* $� �����# {?A�� �*�F*
oc   '3�# ������-�
pc   �2�*) D��c 'G0� c � 
�>  (...
rc   8;
sc   �	�-5
�\< [	
�& � 
0� � 8;
tc   ,������


evc   ()* � (+� ,9-�F�) :��0�
c � /�>#��5  (...
eec   '��P� � ��+	
) �E�5# ������
��7 (

   �� ����� 

 (�@     j-@# ����� �
�� :
0�    H�� 

 ��    ��& ��� :���
 ��� $)=�� 
���
 ���	 #0+* (+E �-	�7 $� 
 � ...#0+* ����� 
� .  

�"���$ �<��� ��
��� :  
7�@� �"���$ :

             :��"� #0"<0� ,9-�F"� �-"� �"	�< $N-"�� �"	 (-�F"� O	 (�� �	���� ���� $� �4� ���	�<
      $�	�� q0+.� :#�% (@
�� k��
�� ��*; �	�.��<   �� ��  �&��) .  �)� �.�	
 �#    J����� $�	�� �
��  �# '��F� 

  �� $�5�> �C*  #0& (    $*�A���% �# ��% �-&�� O	 �	 � ��-30� /�>��% O	 �# �	�< Z
�� �-&�� O	 �--��
       �� �4� ���	�< 

 �	��3�a� �	�< S���% (*�7 O	 �# S���% Q
�<
 �	 � ��&�� .   O"	 �# �"4� ���	�< �����

�� ���� �# B�F-� ��&�� .  
$NzF� �N% S0��5�� d	��� �	
 ,�0� $� �4� ���	�<  #0&:  

                                                                                  ∑
=

=
m

i
ii PXdwXf

1

),()(  
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$4	�0=� :  
m = !�)* �# #0<0� ,9-�F� #
���P1  � ......Pm  
X = �	�< $N-�� ,�?�A�  

f(x) =       ��
� �# ()* � (+� $�	�� (% :��
)$*�-3�� i9a� . (   /�"& �"� '5�F� 

 ����� ()* � (+� $�	��
'�
 #0<0� $N-�� �	 (-�F� � �	�< $N-�� �	 (-�F� �-� .  

d(x,pi) =  #0<0� $N-�� � �	�< (-�F� �	 $N-�� �-� �P� �# �# /�& �� '5�F�Pi  
wi =        $N-�� $�K�< �	 f6% �	 :
�i �� L
         ��
� $�	�� 8�|N��� 

 $% �&��      #
�"�� �# /�"& �"� '5�F�

 #0<0� � �	�< $N-�� �-� :��
 ��
� �# /�& L�.*
 ##��i�� '��� L
 �	; .  
  

���	 �	�< $N-�� $�-�� (�� :  
X* ∼(x* , y*)  

$*0> $� $% '�
 �
f(X)�� (@
�� 
�  ��% .  
�%^� :�� :
0�wi'5�> �C* �# �	
 �����0� $� 
�  :  

#0<0� �� �	�< (-�F� :
�i  L
 =wi  

                   �	   
] :��
 ��
� �# ##�� #
���] * [ S07 * '5�F� ��
� = [  

S�a� : �>
d(x, pi) ��
�� o � �P� �� �# ���0N-% wi 8�|N��� ��
�� )e/v���0N-% �# S07 ��
�  ( �#)rvv 
S�� �# ##�� ('&
# B-�
0G �&�� :  

 S�� �# S07 ��
�mov= o) rvv * e/v = ( f(X) = wi d(x, pi)  
        S�� #����% $% '�
 �%K $� L
H) $�	�� (@
�� (     #
# �"�
0G $"I
�
 $"�	�� �0�%�5 �� !����
 �# (� O	 ���� .

���7 i��=@ #0& $5�T
 $NzF� $� ���0�%�5 �	�� $% ���0� �# �4-3���@
�  �& ��
0G �� .  
�� $�5�> �C* �# '3�� $� �4� ���	�< �
�� 

 ������E $% #0& :  

e c$�F4& �=G '5�F�) ������ (  
l c ���-N@
 �	 B-)�F� �=G '5�F�
m c $�K�< �	 B-)�F� $N��5 ��^.� �=G '5�F�

�� $�5�> �C* �# B��� #0+E ����-F� � �����
� �
�� ��6-� $�F4& �=G '5�F� #0"& .  ��6"-�
�� ������ ��
�� �
�
# �����
� ���*���-G �����>�^>��&�� .  

  �� ��6-� ���-N@
 �	 B-)�F� �=G '5�F��	�.��< �
��� d	��� D�� S�)�*
 !0=G �	 � �	
0� 
��#0& .  

         �"� #0"<0� ,9-�F"� ���"-* ��	;�� $% �NI�F� �
�� ��6-� ���-N@
 $N��5 ��^.� �=G '5�F�
�� �P� �	�< (-�F��� $�5�> �C* �# �&��#0&.   ("�� $"� '�F* ��F*H0��; ���6� (�� ���	�< (a� 

$Y#�� .  
  

 

 O	�� �T�	� [�
���� �	
 ��& $� D05 ����5�F��&�� :  
e c $�F4& �=G '5�F�  iii byaxPXd −+−=),(  
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)mp�lx(o) +ep�lx(dn) + lp � ex( de) + ep � ex(dl) + lx � ex(d l) = lx � ex(minf  

�	 � :  

min f(X1 , X2) = min f1 (x1 , x2) + min f2 (y1 , y2)
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